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Abstract In this paper we investigate the Sagnac ef-
fect by calculating the difference in travel time and
phase shift observed for photon beams counter–propa-
gating in a rotating interferometer on a BTZ black
hole solution in the context of scale-dependent grav-
ity, which describes the field around a massive static
and rotating object in 2 + 1 gravity.
Keywords 2+1 dimensions · scale–dependence ·
gravity · Sagnac effect
1 Introduction
It is very well known that Black Holes (BHs hereafter)
are a generic prediction of Einstein’s General Relativ-
ity (GR). Nowadays, we known that they are more than
just simple solutions of Einstein field equations. Of cru-
cial relevance in the black hole theory was the Hawk-
ing’s work [1, 2] where was shown that black holes in-
deed emit radiation from their horizon, reason why they
are an excellent scenario to study and understand dif-
ferent aspects of gravitational theories.
Thus, as the Hawking radiation lies at the frontier
between GR and Quantum Field Theory (QFT here-
after) [3], a detailed analysis of this and other effects
could help us in the search of a complete theory of quan-
tum gravity. Despite of Hawking radiation is usually
considered as blackbody radiation, it is not completely
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true. The so–called greybody factor measures the modi-
fication of the original black body radiation (see [4,5] for
early calculations and [6–10] for recent applications).
Black holes are described by a few parameters which
are: the mass, the angular momentum and the charge.
Besides, they have interesting properties which, after
the LIGO direct detections of gravitational waves [11–
13], have received considerable attention. This is the
case of the Quasinormal modes (QNM) of black holes,
which encoded invaluable information regarding the afore-
mentioned parameters of the solution. For classical re-
view see [14, 15] and for more recent solutions see [9,
16–18]. Given that BHs collect classical and quantum
effects, the research of this kind of objects could give us
insights about the appropriate way to mix gravity with
quantum mechanics. Gravity in 2+1 dimensions is a
perfect background to investigate in detail several well-
known effects. The first black hole solution with nega-
tive cosmological constant in 2+1 dimensions was the
so–called Ban˜ados-Teitelboim-Zanelli (BTZ hereafter)
solution which is characterized by mass, angular mo-
mentum and charge [19, 20].
Since its discovery, the BTZ black hole solution has
been object of a great amount of investigations based,
for example, in its geodesic structure [21,22], thermody-
namics properties [23–25], quasinormal modes [9,26,27],
stable and regular interior solutions that matches with
a BTZ background [28–35], among others. In particular,
we put our attention in Sagnac effect which is, roughly
speaking, “a comparison of roundtrip times of two light
signals traveling in opposite directions along a closed
path on a rotating disc” [36]. Our goal here is discuss
the Sagnac effect on a scale–dependent rotating BTZ
black hole background and compare it with the classi-
cal counterpart, as well as analyze if some interesting
featuring appears after the inclusion of scale–dependent
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coupling. This article is organized as follow: after this
brief introduction, we will discuss the fundamental in-
gredients of scale–dependent theory of gravity in Sect.
2 and, after that, in Sect. 3 we will discuss briefly the
scale–dependent black hole solution in (2+1) dimen-
sions. Then, in Sect. 4 we perform an analysis of two
counter propagating photons to compute the Sagnac
effect on this scale–dependent rotating BTZ black hole
solution. Finally, in the Sect. 5 we will briefly summa-
rize and discuss the main result of this paper.
2 Scale–Dependent Theory
In this section we will summarizes the equations of mo-
tion for the scale–dependent BTZ black hole solution
with angular momentum. The idea and notation fol-
lows [37–49]. Firstly, the scale–dependent couplings of
the theory are two: i) the Newtons coupling Gk and ii)
the cosmological coupling Λk. Notice that the Newton’s
coupling can be related with the gravitational coupling
via κk ≡ 8πGk. What is more, there are two indepen-
dent fields, they are: i) the metric field gµν(x) and ii)
the scale field k(x). The effective action is then written
as
Γ [gµν , k] ≡
∫
d3x
√−g
[
1
2κk
(
R− 2Λk
)
+ LM
]
, (1)
where LM is the Lagrangian density of the matter fields,
and the effective Einstein field equations are obtained
varying the action respect the inverse metric field, which
produce:
Gµν + Λkgµν ≡ κkT effectµν (2)
where the effective energy momentum tensor is defined
according to
κkT
effec
µν = κkT
M
µν −∆tµν . (3)
Thus, we can understand this effective term as follow:
first, the left hand term is the usual contribution given
by a matter source whereas the right hand term en-
coded the scale–dependent effect which incorporate any
quantum correction. This new tensor is then defined as:
∆tµν ≡ Gk
(
gµν−∇µ∇ν
)
G−1k . (4)
In what follow, we will consider a background without
any matter source (i.e. TMµν = 0) in order to focus our
attention on any effects, if it is present, given by the
scale–dependent scenario. To complete the set of equa-
tions, we can vary the effective action with respect to
the scale-field k(x) to produce[
R
∂
∂k
(
1
Gk
)
− 2 ∂
∂k
(
Λk
Gk
)]
· ∂k = 0. (5)
While the above equation close the system, the imple-
mentation of this is a difficult task. Besides, the previ-
ous equations are complemented by the relations corre-
sponding to global symmetries of the system. Precisely,
for the case of coordinate transformations we have
∇µGµν = 0. (6)
In the next section we will briefly discuss a new black
hole solution in the context of scale–dependent cou-
plings inspired by quantum gravity recently reported
in [45].
3 Black hole Solutions
Adopting circular symmetry, and only radial depen-
dence on the metric functions, we have the line element
defined in terms of the usual Schwarzschild coordinates
(ct, r, φ) according to
ds2 = −f(r) d(ct)2 + dr
2
f(r)
+ r2
[
N(r)d(ct) + dφ
]2
. (7)
Solving the corresponding effective Einstein field equa-
tions, combined with the line element (7), we then have
the scale–dependent functions given by
G(r) =
G0
1 + ǫr
, (8)
N(r) =− 4G0J0
c3r2
Y (r), (9)
f(r) =− 8G0M0
c2
Y (r) +
r2
ℓ20
+
16G20J
2
0
c6r2
Y (r)2, (10)
Λ(r) = − 1
ℓ20
(
1 + 3 ǫ r
1 + ǫr
)
− N
2(r)
4
(
d lnY (r)
d ln r
)2
+
+
8M0G(r)Y (r)
c2r2
[
rǫ +
1 + 2rǫ
2
(
d lnY (r)
d ln r
)]
+
−N2(r) rǫ
1 + rǫ
(
d lnY (r)
d ln r
)
. (11)
where
Y (r) ≡ 1− 2rǫ + 2(rǫ)2 ln
(
1 +
1
rǫ
)
. (12)
This solution is parametrized by five constants of
integration, which are {G0, J0,M0, Λ0, ǫ}. Their physi-
cal meaning is directly linked to the classical solution as
well as the non–rotating case. On one hand, the param-
eter J0 → 0 does not appear in the scale–dependent but
non–rotating solution [37]. Taking this into account, we
must impose that, for J0 → 0, the solutions (8),(9),(10)
and (11) reduces to the solution reported in [37] On
the other hand, the rotating classical solution [19, 20],
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should be obtained when the running parameter ǫ is
taken to be zero, i.e.
lim
ǫ→0
G(r) = G0, (13)
lim
ǫ→0
N(r) = N0(r) ≡ −4G0J0
c3r2
, (14)
lim
ǫ→0
f(r) = f0(r) ≡ −8M0G0
c2
+
r2
ℓ20
+
16G20J
2
0
c6r2
, (15)
lim
ǫ→0
Λ(r) = Λ0. (16)
Since corrections due to quantum scale dependence should
be small, we expand the functions to first order in the ǫ
parameter which implies that the metric functions are
given by
G(r) ≈ G0 (1− ǫr), (17)
N(r) ≈ N0(r) (1 − 2ǫr), (18)
f(r) ≈ f0(r)(1 − 4ǫr)− 4ǫr
[
4G0M0
c2
−
(
r
ℓ0
)2]
, (19)
Λ(r) ≈ Λ0(1 + 2rǫ). (20)
4 Sagnac Effect
In order to investigate the Sagnac effect, we consider
a 2+1 circularly symmetric distribution of radii r =
R∗ > r+ and classical mass M0 = M∗ embedded in an
exterior scale-dependent BTZ background, as is shown
in Fig. 1. Rotating and static fluid distributions that
matches with the classical BTZ can be found, for ex-
ample, in [28–35]. Assuming that the coordinates asso-
ciated with the distribution are (t′, r′, φ′), we perform
a change the coordinate to a another frame fixed in an
interferometer that rotates at r′ = R > R∗.
Thus, the transformation to the frame of the rotat-
ing platform
ct = ct′, φ = φ′ −Ωt′, (21)
where Ω is the constant angular velocity of the physical
frame, yields to the following metric coefficients
gtt = −f(R) +R2
(
N(R) +
Ω
c
)2
,
gφφ = R
2 (22)
gφt = gtφ = R
2
(
N(R) +
Ω
c
)
. (23)
Therefore, the non-zero components of the unit vector
γα along the trajectory r = R are given by
γt =
1√−gtt = γJ , (24)
γt = −
√−gtt = −γ−1J , (25)
γφ = gφt γ
t = R2
(
N(R) +
Ω
c
)
γJ , (26)
r+
R
*
R
+
_
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Fig. 1 Schematic of the Sagnac effect as measured by an ob-
server with a clock rotating with constant angular velocity Ω.
The proper time difference between the emission and absorp-
tion of the co–propagating (+) and the counter–propagating
(-) beam is considered.
where
γJ =
[
f(R)−R2
(
N(R) +
Ω
c
)2]−1/2
, (27)
and thus, the gravito-magnetic vector potential becomes
A˜Gφ = c
2 γφ
γt
= −c2R2
(
N(R) +
Ω
c
)
γ2J . (28)
As was shown in [50–54], it is possible to express the
phase shift ∆Φ and time delay ∆τ between light beams
detected by a co-moving observer on the interferometer
in terms of the gravito-magnetic vector potential by
means of the expressions
∆Φ =
2Eγ γt
~ c3
∫
ζ(S)
AG · dr, (29)
and
∆τ =
2γt
c3
∫
ζ(S)
AG · dr, (30)
where Eγ is the relative energy of the photon as mea-
sured in the interferometer.
Then, the phase shift turns out to be
∆Φ =
τ0Eγ
~
Ω −Ω0√
Ω2
∞
− (Ω −Ω0)2
, (31)
and the (dimensionless) time delay becomes
∆τ˜ ≡ ∆τ
τ0
=
Ω −Ω0√
Ω2
∞
− (Ω −Ω0)2
, (32)
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where τ0 ≡ 8πRc , YR ≡ Y (R), and
Ω∞ =
√
Ω2ℓ +Ω
2
0 −
8G0M∗
R2
YR, (33)
Ωℓ =
c
ℓ
, (34)
Ω0 = 4
G0 J0
c2R2
YR ≡ 4ΩJYR. (35)
Note that ΩJ can be interpreted as the precession ve-
locity for the Lense–Thirring effect in the 2+1 grav-
ity [55, 56]:
ωLT = −ΩJ = −G0 J0
c2R2
, (36)
which allow us to identify ΩLT = −Ω0 as the preces-
sion velocity for the Lense–Thirring effect for the scale–
dependent rotating BTZ black hole. Also, by inspection
of Eq. (32), we see that if Ω = 0 a time difference ap-
pears which is due to the rotation of the source. Ob-
viously, if Ω = Ω0 there is not Sagnac effect and an
observer measure no time delay.
In the left panel of Fig. (2) we have plotted the di-
mensionless time delay ∆τ˜ ≡ ∆τ/τ0 as a function of
the angular velocity of the interferometer Ω for differ-
ent values of the running parameter ǫ, showing that
the increase in ǫ causes a decrease in the maximum an-
gular velocity that the device can reach to obtain the
Sagnac effect. In the middle panel of Fig. 2 we have
plotted the dimensionless time delay ∆τ˜ as a function
of the orbital radii of the interferometer R, for fixed
value of the running parameter ǫ = 10−1 (in arbitrary
reciprocal length units) and different values of the an-
gular velocity: Ω = 7.5 × 10−2, Ω = 6.5 × 10−2 and
Ω = 5.5×10−2 (in arbitrary reciprocal time units). This
plot shows that there is minimum for τ˜ , which depends
strongly on the running parameter such that the posi-
tion of this minimum grown directly with ǫ. In the right
panel of Fig. 2 we shows the dimensionless time delay
∆τ˜ as a function of the running parameter ǫ for fixed
orbital radii R = 20 (in arbitrary length units) and dif-
ferent values of the angular velocity: Ω = 7.5 × 10−2,
Ω = 6.5× 10−2 and Ω = 5.5× 10−2 (in arbitrary recip-
rocal time units).
On the other hand, for the non-rotating case, ΩJ =
0, the dimensionless time delay can be written as
∆τ˜ =
Ω˜√
1− YRY+
( r+
R
)2 − Ω˜2 , (37)
where Ω˜ ≡ Ω/Ωℓ is the dimensionless angular velocity,
Y+ ≡ Y (r+), and r+ is the horizon event of the non-
rotating scale–dependent BTZ black hole obtained from
Eq. (10) for J0 = 0. As is expect in this case, Ω =
0 implies that no Sagnac effect arise. Also, note that
there is an upper limit for the (dimensionless) angular
velocity Ω˜R given by
Ω˜ < Ω˜R ≡
√
1− YR
Y+
(r+
R
)2
. (38)
In Fig. 3 we have plotted Ω˜ as a function of R for
three values of the running parameter ǫ = 10−1, ǫ =
10−2 and ǫ = 10−5 in arbitrary reciprocal length units,
and shows that the increase in ǫ causes the maximum
angular velocity Ω˜R to be reached faster.
An interesting remark for the last result is that in
the classic non-rotating BTZ black hole the last relation
reduces to
Ω˜ < Ω˜R ≡
√
1−
(r+
R
)2
. (39)
Recently, a similar result was obtained by Villanueva
et al. for a 3+1 static toroidal topological black hole in
conformalWeyl gravity [57], where the term (r+/R) has
a power index 3 instead the index 2 present in Eq. (38).
This result looks dependent on the spatial dimension of
the manifold, but that assertion deserves a more depth
study.
Finally, note that for the classical rotating BTZ
black hole, the time delay obtained by Raychaudhury
[36] contain a sign mistake in his Eq. (18), since the
quantity inside of the square root becomes negative for
r > r+. Thus, in the limit ǫ → 0 (Y → 1), Eq. (32)
reduces to the correct expression for the Sagnac effect
for the classical rotating BTZ black hole.
5 Conclusions
In this article, we have studied the Sagnac effect in light
of the scale–dependent scenario in a rotating BTZ black
hole background. As our formalism incorporate quan-
tum corrections, our solution generalizes the standard
case previously reported in [36]. It is remarkable that
we should recover the classical Sagnac effect when we
turn ǫ off, however it is not the case. We thus conclude
that the Raychaudhuri solution (and not our solution)
has a minimal error. More precisely, the discrepancy ap-
pears when we analyze the global sign inside the square,
resulting in a non-physical solution for a Sagnac effect
because the validity of his expression is for r < r+ (Eq.
(18) in his paper). An interesting features is present in
our solution, namely, in the scale–dependent scenario
the time delay decreases when the running parameter
increases, effect which can gives some insights about the
presence of quantum effects. Thus, it provides a new
way to check if the corresponding quantum corrections
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Fig. 2 LEFT: Plot for the dimensionless time delay ∆τ˜ as a function of the angular velocity Ω for different values of the
running parameter: black solid line ǫ = 10−1, red dashed line ǫ = 10−2 and blue dotted line ǫ = 10−5 (in arbitrary reciprocal
length units) and fixed radii of the interferometer R = 20 (in arbitrary length units). MIDDLE: Plot for the dimensionless time
delay ∆τ˜ as a function of the angular velocity Ω for different values of the running parameter: black solid line ǫ = 10−1, red
dashed line ǫ = 10−2 and blue dotted line ǫ = 10−5 (in arbitrary reciprocal length units) and fixed radii of the interferometer
R = 20 (in arbitrary length units). RIGHT: This plot shows the dimensionless time delay ∆τ˜ as a function of the running
parameter ǫ for fixed orbital radii R = 20 (in arbitrary length units) and different values of the angular velocity: black solid
line Ω = 7.5× 10−2, red dashed line Ω = 6.5× 10−2 and blue dotted line Ω = 5.5× 10−2 (in arbitrary reciprocal time units).
R
Ω
∼
Ω
∼
R
Fig. 3 Plot for the dimensionless angular velocity Ω˜ as a
function of the orbital radii of the interferometer, R, for dif-
ferent values of the running parameter: ǫ = 10−1, ǫ = 10−2
and ǫ = 10−5, in arbitrary reciprocal length units.
modifies the underlying theory. Also, an important re-
mark about the non-rotating case, more precisely inside
the square root of Eq. (39), is that upper limit of the
angular velocity depends on the term (r+/R)
2 instead
of (r+/R)
3, which was found by Villanueva et al. [57]
in the context of the topological toroidal black hole in
the 3+1 conformal Weyl gravity. This fact looks de-
pends on the number of spatial coordinates, but that
assertion deserves a more depth investigation.
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